Curriculum Module: Calculus: Motion

Worksheet 1. Solutions and Notes for Students

The three concepts are as follows.

Position: x(t) —determines where the particle is located on the x-axis at a given
time ¢t
Velocity: W(t) = x'(t)—determines how fast the position is changing at a time ¢ as

well as the direction of movement
Acceleration  a(f)=v'(f) = x"(¢) —determines how fast the velocity is changing at
time ¢; the sign indicates if the velocity is increasing or decreasing
The true statements are as follows.

1. “Initially” means when __time,¢__=0.

2. “Atthe origin” means __position, x(t)__=0.

3. “Atrest” means __velocity, v(f)_ = 0.

4, If the velocity of the particle is positive, then the particle is moving to the

__right___

5. If the velocity of the particle is __negative__, then the particle is moving to
the left.

6. To find average velocity over a time interval, divide the change in __position__
by the change in time.

7. Instantaneous velocity is the velocity at a single moment (instant!) in time.

8. If the acceleration of the particle is positive, then the __velocity__ is increasing.
9, If the acceleration of the particle is __negative__, then the velocity is decreasing.
10. In order for a particle to change direction, the __velocity__ must change signs.

11. First, find the times at which x'(#) = v(#)=0. That would be ¢ =—1 (which is out
of our interval) and ¢ = 3. Next, evaluate the position at the end points and at
each of the “resting” points. The particle moved to the left 9 units and then to the
right by 27 units for a total distance traveled of 36 units. Point out to students how
this is similar to a closed interval test, where you have to determine function
values at the end points as well as at any critical points found.
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Curriculum Module: Calculus: Motion

Worksheet 2. Solutions

Example 1 (numerical)
1. Att =0, the particle is moving to the left because the velocity is negative.

2. Yes, there is a time when the particle is at rest during the time interval 0 < £ <12
minutes. Since the velocity function is differentiable, it also is continuous. Hence, by
the Intermediate Value Theorem, since velocity goes from negative to positive, it must
go through zero and v(t) = 0 means the particle is at rest.

3, Since t = 10 is not one of the times given in the table, we should approximate the
derivative by using a difference quotient with the best (closest) data available. Because
10 lies between 8 and 12, the best approximation is given by:

v(12)-v@®) _5-7 _ 1 m/min_ 1 m

"(10) = = -
VA0 T T 28T 2 min

2 min®

Here, v(10) is the acceleration of the particle at £ = 10 minutes.

4. Yes, such a point is guaranteed by the Mean Value Theorem or Rolle’s Theorem.
Since velocity is differentiable (and therefore also continuous) over the interval
6 <t <12 and:

v(12)-¥6) _,
12-6

bl

then there must exist a point ¢ in the interval such that Vie)=a(c)=0

Note: If we add the hypothesis that v’ is continuous, then we may use the
Intermediate Value Theorem to establish the result. In this case, since the values in
the table indicate that velocity increases and then decreases on the interval 0 <# <12,

then V()= a(*) must go from positive to negative and by the Intermediate Value
Theorem must therefore pass through zero somewhere in that interval. It is the Mean
Value Theorem, applied to the differentiable function v, that guarantees V' takes on at
7-(-3)
8-0

value), and at least one negative value in the interval 8 <z <12 (note that
5-7
12-8

least one positive value in the interval 0 <t <8 (note that

= é- is one such
4

= —% is one such value).
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Example 2 (graphical)

1.

N

At t = 4 seconds, the particle is moving to the right because the velocity is positive.

The particle is moving to the left over the interval 5 <? <9 seconds because the
velocity is negative.

The acceleration of the particle is negative because the velocity is decreasing, OR the
acceleration is the slope of the velocity graph and the slope of the velocity graph at £ =
4 is negative.

Average acceleration over the time interval can be found by dividing the change in
velocity by the change in time:
v(4)-v(2) _6-9 _ 3ft/sec_ 3 fi
4-2 -2

2 sec 2 sec?

No such time is guaranteed. The Mean Value Theorem does not apply since the
function is not differentiable at t = 3 due to the sharp turn in the graph. If students
have not yet learned the MVT, you can slide a tangent line (toothpick or stick) along
the graph to show that no such point exists where the slope of the tangent line would
be equal to the slope of a secant line between t = 2 and ¢ = 4.

The particle is farthest to the right at ¢ = 5 seconds. Since the velocity is positive
during the time interval 0 <¢ <5 seconds and negative during the time interval

5 <129 seconds, the particle moves to the right before time ¢ = 5 seconds and moves
to the left after that time. Therefore, it is farthest to the right at £ = 5 seconds.

Example 3 (analytic)

1.

2.

3.

The particle is moving to the right because x'(0)=v(0)=9 which is positive.

At t =1, the velocity of the particle is decreasing because x"(1)=v'(1)=a(l)=-6,
and if the acceleration is negative then the velocity is decreasing.

The particle is moving to the left for all values of ¢ where v(t) < 0. We have:
v(it)=x'(t)=3"-12t+9<0 for1<t<3.
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t x(t)
0 11
1 15
3 11
5 31

The particle moves right 4 spaces, left 4 spaces and then right 20 spaces. Therefore,
the particle has traveled a total of 28 units. The common error that students make is
to calculate x(5)—x(0) = 20, which gives the displacement or net change in position,
rather than the total distance traveled. Teachers should reinforce the difference
between these two concepts every chance they get.
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